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Abstract
Differential equations (DEs) are fundamental tools for modeling physical phenomena across various
scientific and engineering disciplines. Traditional numerical methods for solving these equations often
require extensive computational resources, especially when dealing with high-dimensional, nonlinear,
or data-scarce problems. In recent years, Physics-Informed Neural Networks (PINNs) have emerged as
a powerful alternative, blending the strengths of deep learning with the rigor of physical laws. By
embedding DEs, initial conditions, and boundary conditions directly into the loss function of a neural
network, PINNs enable the solution of both forward and inverse problems without the need for mesh
generation or large datasets. This paper presents an overview of the PINN methodology and applies it
to solve a one-dimensional heat conduction problem without relying on empirical data. The results
demonstrate that PINNs can accurately approximate the analytical solution, confirming their potential
as flexible, mesh-free solvers. The advantages and challenges of PINNs are also discussed, highlighting

their role in advancing data-driven scientific computing.

Keywords: Physics-Informed Neural Networks (PINNs), deep learning, heat equation, mesh-free
methods

Introduction

Differential equations (DEs) serve as the foundation for modeling physical systems in disciplines
ranging from fluid dynamics and quantum mechanics to structural analysis and biomedical engineering.
Accurately solving these equations is essential for understanding and predicting real-world phenomena.
Ordinary differential equations (ODES) and partial differential equations (PDES) can be solved using
various approaches, depending on their type and complexity. The main approaches are:

Analytical methods, which aim to find exact, closed-form solutions. Examples are separation of
variables (de Oliveira & Maiorino, 2025), integrating factor method (Nie et al., 2008), characteristic
equation method (Alcantara et al., 2022), variation of parameters and undetermined coefficients
(Aprecio & Roy, 2024), Fourier series (Yildiz et al., 2025), Laplace transforms (Patil et al., 2024, Kurt,
2008), etc. Numerical methods are used when analytic solutions are difficult or impossible. Examples
are Euler’s method, Runge-Kutta methods (Akinsola, 2023), finite element method (Szabd & Babuska,
2021), finite difference methods (LeVeque, 2007), spectral and collocation methods (Cevik et al., 2014;
Savasaneril, 2018, Cevik et al., 2025; Cevik, 2010), etc. Qualitative and graphical methods (Li et al.,
2016) are used to study the behavior of solutions without solving explicitly. Examples are phase plane
analysis, Lyapunov’s method (Tuan & Trinh, 2018), direction fields. Transform and integral methods
are used for complex PDEs or boundary value problems, examples of which are Fourier Transform and
Green’s function (Duffy, 2015). On the other hand, semi-analytical techniques are hybrid methods that
combine the rigor of analytical approaches with the flexibility of numerical methods to solve DEs,
particularly when exact solutions are difficult or impossible to obtain. These techniques aim to produce
approximate closed-form expressions that retain the interpretability of analytical solutions while
extending applicability to complex or nonlinear problems. Common types of semi-analytical methods
include the Homotopy Analysis Method (Liao, 2009), Homotopy Perturbation Method (Biazar &
Aminikhah, 2009), Adomian Decomposition Method (Li & Pang, 2020; Abbasbandy, 2003), Variational
Iteration Method (Bildik & Konuralp, 2006), Differential Transform Method (Ayaz, 2004; Sinir et al.,
2018), and the Perturbation-Iteration Algorithm (Pakdemirli, 2016; Bahsi & Cevik, 2015). Each of these
methods constructs the solution iteratively, often in the form of a rapidly converging series, and is
particularly useful for solving linear and nonlinear ODEs and PDEs with minimal computational effort
and high accuracy.
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Classical numerical methods —such as finite difference, finite element, and Runge-Kutta techniques—
have long been the standard tools for solving DEs. However, these methods can be computationally
intensive and inflexible, particularly when dealing with high-dimensional, nonlinear, or data-scarce
problems. In response to these limitations, recent advances in artificial intelligence (Al) have led to the
development of alternative, data-driven approaches for solving DEs. These Al-based methods aim to
offer greater adaptability, improved scalability, and, in some cases, enhanced accuracy compared to
conventional techniques (Jamaludin et al., 2024; Gériis et al., 2024 Canyakan, 2025).

Among the most notable Al approaches are PINNs, which embed the governing physical laws
directly into the training process of neural networks; the Deep Galerkin Method (Sirignano &
Spiliopoulos, 2018; Al-Aradi et al., 2022), which generalizes the traditional Galerkin method for high-
dimensional PDEs; and Neural Ordinary Differential Equations (Chen et al., 2018), in which neural
networks model the continuous dynamics of systems. Other emerging methods include the Deep Ritz
approach (Yang et al., 2022), which is grounded in the Ritz variational principle; deep Backward
Stochastic Differential Equation (Chessari et al., 2023) solvers for solving high-dimensional PDEs;
reinforcement learning-based techniques that treat DEs as sequential decision-making problems; and the
use of Generative Adversarial Networks (Gui et al., 2023) for learning solutions to complex PDEs.
Additionally, hybrid Al-numerical methods have been proposed to integrate Al with classical solvers,
leveraging the strengths of both paradigms to improve efficiency, generalization, and solution quality.
These developments mark a significant shift in the field, opening new possibilities for solving DEs in
scientific and engineering applications.

With the rise of data-driven modeling and machine learning, researchers began to explore neural
networks as approximators of functions and solutions. However, traditional neural networks typically
require large datasets to train effectively, and their predictions may not respect the underlying physical
laws of the system. PINNs address this shortcoming by embedding physical knowledge directly into the
neural network training process. The key innovation is that PINNs do not just learn from data; they learn
from the physics itself, enabling them to generalize better and require fewer data points for training.

By bridging deep learning and scientific computing, PINNs enable the solution of ODEs and PDEs
equations without requiring a structured grid. Moreover, they offer generalizability across different
domains and robustness in handling inverse problems, parameter estimation, and systems with
incomplete data. This paper aims to provide an overview of the PINN methodology, demonstrate its
application to a representative DE problem, and discuss usage.

Overview of PINNs

PINNs have recently gained significant attention as a mesh-free and data-efficient alternative.
Introduced by Raissi et al. (2019), PINNs incorporate the governing DEs, associated boundary, and
initial conditions directly into the loss function of a neural network. This innovative approach enables
the network to learn solutions that satisfy both data (if available) and the underlying physical laws
simultaneously.

The term "PINN" reflects the integration of physical laws into the neural network's architecture.
Unlike traditional neural networks that rely solely on data, PINNs are designed to respect the underlying
physics of the problem by embedding the governing equations directly into the training process. This
approach ensures that the network's predictions are not only data-driven but also physically plausible.
When physical data is available, it is incorporated into the PINN by adding a data loss term to the overall
loss function. By minimizing this combined loss function, the PINN learns solutions that are consistent
with both the physical laws and the observed data.

Numerous researchers have explored the development and applications of PINNs. For instance, Cai
et al. (2021) demonstrated the versatility of PINNs by addressing complex heat transfer problems.
Deresse and Bekela (2025) employed PINNs to solve nonlinear telegraph equations with varying
boundary conditions, while Barbulescu et al. (2025) applied them to model highly nonlinear dynamic
systems.

Atypical PINN is a deep neural network that takes spatial and/or temporal coordinates as inputs and
outputs the predicted values of the solution of interest, such as temperature, velocity, displacement, or
pressure. The network is trained to minimize a loss function that includes not only discrepancies from
data but also penalties for violating the governing PDEs and boundary/initial conditions. Figure 1
illustrates the general architecture of a PINN, where the neural network is trained to minimize the
residuals of the DEs as well as any mismatch with observed or initial data.
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Figure 1. General architecture of a PINN

A total (composite) loss function is a loss function that combines multiple terms to balance different
objectives during training, which ensures that the model satisfies both observed data and underlying
physical laws, leading to more accurate and meaningful results. The total loss function L;,4; in @ PINN
has three main components:

1. PDE residual loss (Lppg): Ensures that the predicted solution satisfies the governing equations

at randomly chosen collocation points.

2. Boundaryl/initial condition loss (Lg,¢): Enforces physical constraints at the domain boundaries

or initial time.

3. Data loss (L44tq): Measures the error between the network predictions and any available

observational or experimental data.

Thus, the total loss is typically expressed as:

Liotar = AppeLrpe + AgicLBic + AdataLaata (1)

where A’s are weighting factors that balance the contributions of each term.

PINNs derive their strength from the unique ability to learn solutions to physical problems even in
the absence of observational or experimental data, relying solely on the governing equations —such as
PDEs- along with the appropriate boundary and initial conditions. When observational data is available,
PINNs integrate both the data and the physical laws (e.g., combining sensor measurements with the
Navier—Stokes equations), leading to improved accuracy, particularly in cases where the data is sparse
or noisy. In contrast, in data-free scenarios, the neural network is trained exclusively to satisfy the
physical constraints imposed by the DEs and their associated boundary and initial conditions. This
approach is especially advantageous for addressing forward and inverse problems where real-world data
is unavailable, difficult, or expensive to collect. Therefore, while physical data can enhance the model's
performance, it is not a strict prerequisite; what is fundamentally required is a reliable mathematical
formulation of the underlying physics governing the system.

Solution of 1-D Heat Equation by PINN as a Test Problem
We want to solve the 1-D heat equation (without any data) on a rod of length L = 1, over a time
interval € [0,5] :

ou 0%u
o= %o @
where

u(x, t) is the temperature at position x and time ¢t

o is thermal diffusivity (assume, <= 0.01)

Boundary conditions:

u(0,t) = u(1,t) = 0 (ends of the rod are held at 0°C)
Initial condition:

u(x,0) = sin(mx)

The steps are:
1. We define a neural network ug (x, t) with inputs x and t, and output u (temperature).
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2. Automatically compute the partial derivatives du/dt and 9%u/dt? using automatic
differentiation, a technique commonly available in deep learning libraries like TensorFlow and
PyTorch.

ou 2%u

3. Construct a residual function R = Pk dre

4. Minimize the mean squared error of the residual at collocation points, ensuring that the neural

network output satisfies the PDE.

The residual function represents the error in satisfying the differential equation(s) that encode the
physical law. Essentially, you take the candidate solution output by the neural network and plug it into
the differential equation.

During training, the neural network not only learns from observed data but is also guided by known
physical laws, which enhances its robustness and generalization. In this case, no data is provided to the
network; instead, we enforce that:

e ug(x,0) = sin(mx) which is the initial condition
e uy(0,t) = ug(1,t) = 0 which are the boundary conditions
e The function ug (x, t) satisfies the heat equation:
ou 0%u

E‘“axz

The PINN learns a function that approximates the analytical solution:

-0 3

d
a—zzu(x, t) = sin(mx)e ™t (4)

The results obtained from the PINN are graphically visualized over the time interval [1,5] and
presented in Figure 2.
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Figure 1. PINN solution of the 1-D heat equation

In this solution, no experimental data is employed; instead, the formulation relies solely on the
governing PDE and the specified initial and boundary conditions. This highlights the capability of
PINNSs to solve complex physical problems in a manner similar to traditional numerical solvers, while
offering distinct advantages such as being mesh-free, highly adaptable, and easily extendable to inverse
problems or parameter estimation.

Advantages and Challenges of the PINNs

PINNs offer a transformative approach for solving DEs by incorporating physical laws into the
learning process. Compared to traditional numerical methods, PINNs present several advantages:
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Mesh-free computational framework: Unlike conventional numerical solvers such as finite
element or finite difference methods, PINNs do not require spatial discretization or mesh
generation. This characteristic enhances their applicability to complex geometries and irregular
domains, making them well-suited for problems with evolving boundary conditions.
Integration of prior physical knowledge: PINNs leverage PDEs and governing physical laws as
constraints within their loss function. This integration reduces reliance on large labeled datasets,
facilitating generalization and improving accuracy when experimental or observational data are
sparse.

Unified representation of forward and inverse problems: A key advantage of PINNSs is their
ability to solve both forward and inverse problems within a single neural network framework.
In addition to approximating solutions to PDEs, they can be utilized for parameter estimation,
and data assimilation, thereby offering a flexible approach to real-world applications.
Improved generalization and extrapolation capabilities: Unlike traditional machine learning
models, which predominantly rely on empirical data, PINNs incorporate physics-based
constraints that enhance their ability to generalize beyond training samples. This property is
particularly beneficial for extrapolating solutions in regions where data is unavailable.
Multiphysics and multiscale integration: PINNs provide a natural framework for integrating
multiple physical domains within a unified neural network. This makes them effective for
modeling multiphysics phenomena, such as coupled fluid-structure interactions or thermo-
mechanical systems, where different governing equations must be satisfied simultaneously.

Despite their advantages, PINNs also face several fundamental challenges that influence their
practical implementation and scalability:

Computational complexity and training cost: The optimization of PINNSs requires minimizing a
total loss function that balances data-driven accuracy and physics-informed constraints. This
process is computationally demanding, especially in high-dimensional problems where
automatic differentiation incurs significant memory and processing overhead.

Hyperparameter sensitivity and optimization challenges: The effectiveness of PINNs is highly
dependent on the appropriate selection of network architecture, activation functions, and
weighting factors for different loss components. Improper tuning of these hyperparameters can
lead to poor convergence, numerical instability, or failure to satisfy PDE constraints adequately.
Difficulty in handling stiff equations and sharp gradients: PINNs struggle with solving stiff
PDEs or problems involving discontinuities and steep gradients. Traditional numerical methods,
such as spectral methods or adaptive mesh refinement techniques, often outperform PINNs in
these cases.

Challenges in scaling to large-scale and high-dimensional systems: Applying PINNs to complex
systems with multiple interacting PDEs and extensive spatial-temporal domains presents
scalability issues. Computational techniques such as physics-informed Gaussian processes,
distributed neural network architectures, and physics-aware transfer learning are being explored
to mitigate these constraints.

Interpretability and robustness in real-world applications: While PINNs exhibit strong
theoretical advantages, their adoption in practical engineering and scientific applications
requires rigorous validation. Uncertainty quantification and sensitivity analysis remain crucial
areas of research to ensure their robustness in real-world scenarios.

Conclusion

PINNs represent a significant advancement in the intersection of scientific computing and machine
learning. By embedding the underlying physical laws into the architecture and training of neural
networks, PINNs offer a mesh-free, data-efficient, and flexible framework for solving both forward and
inverse problems governed by DEs. This paper has demonstrated the effectiveness of PINNs through
the solution of a one-dimensional heat equation, showing that even in the absence of experimental data,
accurate and physically consistent results can be obtained. Despite their promising capabilities, PINNs
face challenges related to computational cost, optimization complexity, and scalability, particularly in
high-dimensional or stiff systems. As the field matures, PINNs are poised to become a core tool for
tackling complex, real-world problems across physics, engineering, and applied sciences.
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